86                                      LECTURE XL
ley's theory of projective measurement leads then directly to the three possible cases of non-Euclidean geometry: hyperbolic, parabolic, and elliptic, according as the measure of curvature k is <o, =o, or >o. It is here, of course, essential to adopt the system of von Staudt and not that of Steiner, since the latter defines the anharmonic ratio by means of distances of points, and not by pure projective constructions.
(3) Finally, we have the point of view of Riemann and Helm-holtz. Riemann starts with the idea of the element of distance ds, which he assumes to be expressible in the form
ds =
Helmholtz, in trying to find a reason for this assumption, considers the motions of a rigid body in space, and derives from these the necessity of giving to ds the form indicated. On the other hand, Riemann introduces the fundamental notion of the meas^lre of curvature of space.
The  idea of  a  measure  of curvature for the case of two variables, i.e. for a surface in a three-dimensional space, is due to Gauss, who showed that this is an intrinsic characteristic of the surface quite independent of the higher space in which the ,*                     surface happens to be situated.    This point has given rise to a
'H                     misunderstanding on the part of many non-Euclidean writers.
When Riemann attributes to his space of three dimensions a measure of curvature ky he only wants to say _that there exists an invariant of the "form" ^a^dx^x^ he does not mean to imply that the three-dimensional space necessarily exists as a curved space in a space of four dimensions. Similarly, the illustration of a space of constant positive measure of curvature by the familiar example of the sphere is somewhat misleading. Owing to the fact that on the sphere the geodesic lines (great circles) issuing from any point all meet again in another definiteon that only
